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Abstract. Numericalmethodsfor grids with irregular cells requirediscreteshapefunctionsto approximatethe distribution of
quantitiesacrosscells.For control-volumemixedfinite-element(CVMFE) methods,vectorshapefunctionsapproximatevelocities
andvectortestfunctionsenforceadiscreteform of Darcy’s law. In thispaper, anew vectorshapefunctionis developedfor usewith
irregular, hexahedralcells (trilinear imagesof cubes).It interpolatesvelocitiesandfluxesquadratically, becauseasshown here,
the usualPiola-transformedshapefunctions,which interpolatelinearly, cannotmatchuniform flow on generalhexahedralcells.
Truncation-errorestimatesfor the shapefunction aredemonstrated.CVMFE simulationsof uniform andnon-uniformflow with
irregularmeshesshow first- andsecond-orderconvergenceof fluxesin the L2 norm in thepresenceandabsenceof singularities,
respectively.

1. INTR ODUCTION

For simulationof two-dimensional(2-D) flow in heterogeneousporousmedia,it hasbeenshown thatmixed
methods,andin particularthecontrol-volumemixedfinite-element(CVMFE) method[1], canbeefficient,
accurateschemesto obtain the velocity field [1–3]. As part of an extensionof CVMFE to 3-D, herewe
develop andtesta 3-D CVMFE velocity shapefunction for irregular hexahedralcells,basedon covariant
vectorsfor a mappingto a unit cube.Its performanceis evaluatedwith the L2 norm of the flux error in a
numberof testcases.

In 3-D CVMFE, the domainis discretizedinto potentially irregular hexahedralcells, allowing for the
modelingof complex hydrogeologicalsystems.Vectorshapefunctions,describedsubsequently, interpolate
thevelocityovertheinteriorsof cells,andvectortestfunctionsareweightingfactorsin integratingtheDarcy
relationover controlvolumesassociatedwith cell faces;this canbeviewedasanerrorminimizationin the
control-volumetechnique[4]. Theshapeandtestfunctionsresultin discreteequationsthatcanbesolvedfor
fluxesatcell facesandpressuresatcell centers.Shapefunctionsinterpolatecell-surfacefluxes,approximat-
ing thevelocity in thecell interior; a poorapproximationdegradesthesolution.We proposea new velocity
shapefunctionfor 3-D logically rectangularmesheswhich, in mostcases,shouldprovidea reasonablecell-
velocity estimate.This function is basedon a second-orderapproximationof flux conservation acrossthe
cell, which canbea non-linearinterpolationof theflux andthevelocity. For 3-D flow on irregularmeshes,
we believe thatthis functionwill offer advantagesover3-D versionsof the2-D linearshapefunctionin [1].

Sections2–5 provide backgroundon the problemand the solution technique.In particular, section3
describesthe rolesof the shapefunctionsandtest functionsin CVMFE. Section4 shows that the flux of
a uniform flow field acrossan arbitrarycell is not necessarilylinear; this affects the constructionof the
shapefunctions.Section5 discussesthe Piola transformation,which determinesstandardshapefunctions
with linearflux for irregular cells.Velocity interpolationfunctions,a precursorof theshapefunctions,are
presentedin section6, followed by the shapefunctionsthemselves in section7. Sections8 and9 present
resultsof thevelocity shapefunctionfor uniform andnon-uniformflow, respectively. A brief discussionof
theresultsconcludesthepaper.�
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Figure 1. Left: referencecubeQ̂ with edgesof unit length.Right: arbitrarycell Q from discretizationwith vertex locationsv000,
v100, v010, v001, v110, v101, v011 andv111 indicated.

2. BASIC EQUATIONS

This paperappliesCVMFE to asteadyflow equationin a3-D domainΩ:

∇ � q � W


x � y� z��� 


x � y� z��� Ω � (1)

Hereq is thespecificdischarge vectorandW is a sourceterm.Boundaryconditionson thesurface∂Ω are
fluxesover ∂Ω f and/orspecifiedpressuresover ∂Ωp. WeassumetheDarcy relation:

q ��� K ∇p � µ� (2)

wherep is thepressure,K


x � y� z� is thehydraulicconductivity tensorandµ is theviscosity(thegravitational

potentialis neglectedfrom


2� for notationalconvenience).Like mostmixedmethods,CVMFE invertsthe

hydraulicconductivity tensorin


2� , sothat

∇p ��� µK � 1q � (3)

Themixed-methoddevelopmenthereinuses


1� and



3� asabasisof thenumericalapproximation.

We discretizeΩ with a logically rectangularmeshof hexahedralcells.Eachcell Q is the imageunder
a trilinear mappingof a regular referencehexahedron(unit cube),Q̂; Q is determinedby its verticesat
v000, v100, v010, v001, v110, v101, v011 andv111, wherevαβγ � 


xαβγ � yαβγ � zαβγ � (Figure1). Notethatthefaces
of Q may be non-planar. The mappingassociateswith any referencelocation r̂ � 


x̂ � ŷ � ẑ� in Q̂, the point
r � 


x � y� z� in Q:

r � vo � vax̂ � vbŷ � vcẑ � vdx̂ŷ � vex̂ẑ � v f ŷẑ � vgx̂ŷẑ� (4)

wherevo � v000, va � v100 � vo, vb � v010 � vo, vc � v001 � vo, vd � v110 � vo � va � vb, ve � v101 � vo �
va � vc, v f � v011 � vo � vb � vc, vg � v111 � vo � va � vb � vc � vd � ve � v f . This mappingextendsthe
conventionalbilinear mappingfor a logically rectangulargrid [1, 5]. Note that a fixed x̂ in Q̂ determines
a facenormal to the x̂ direction,which



4� mapsinto a correspondingfacewithin Q. Covariantvectors,

definedasX


ŷ � ẑ��� ∂r � ∂x̂, Y



x̂ � ẑ��� ∂r � ∂ŷ andZ



x̂ � ŷ��� ∂r � ∂ẑ, describethegeometryof Q. Thevolumetric

JacobianJ for passingfrom Q to Q̂ is simply [6]

J


x̂ � ŷ � ẑ��� X



ŷ � ẑ��� 
 Y 


x̂ � ẑ��� Z


x̂ � ŷ� ��� (5)

while, for a facein thelogicalx direction,thesurfaceJacobianΓx becomes[6]

Γx


x̂ � ŷ � ẑ���"! Y 


x̂ � ẑ�#� Z


x̂ � ŷ�$!%� (6)

andtheunit normalto thissurfaceis
nx̂ � 


Y � Z �&�'! Y � Z !(� (7)

SurfaceJacobiansandunit normalsaresimilarly definedfor facesin the logical y andz directions.These
relationsallow usto definethenecessaryquantitiesusedwithin theCVMFE method.
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Figure 2. Midsectionthroughtwo adjoiningcells in the logical x direction.Filled andopencirclesrepresentlocationson faces
wherefluxesareestimated;opencirclesrepresentflux locationson facesin thelogical y directionprojectedontomidsection.The) symbolis usedto denotepressurelocationsat logical cell centers.

3. CVMFE METHOD

TheCVMFE methodusesvelocity basisvectorsνννi * j * k;m* n* p 

r � to approximatetheDarcy velocity q in a cell

Qi * j * k from thebulk cell-facefluxes.Here,i � j � k index thecell’spositionin themesh,while m� n � p determine
a faceFi + m* j + n * k + p of Qi * j * k. Thentheapproximationof q in Qi * j * k canbewritten

q , fi + 1- 2 * j * k νννi * j * k;1- 2 * 0 * 0 � fi � 1- 2 * j * k νννi * j * k; � 1- 2 * 0 * 0 � fi * j + 1- 2 * k νννi * j * k;0* 1- 2 * 0� fi * j � 1- 2* k νννi * j * k;0* � 1- 2 * 0 � fi * j * k + 1- 2 νννi * j * k;0 * 0 * 1- 2 � fi * j * k � 1- 2 νννi * j * k;0* 0 * � 1- 2 � (8)

where,for example, fi + 1- 2* j * k is the bulk flux throughfaceFi + 1- 2* j * k. Here,note that “flux” is definedto
bethetotal volumetricdischarge througha cell face,asopposedto thevolumetricdischarge perunit area,
which is typical in thefluid mechanicsliterature.Substitute



8� into



1� andintegratebothsidesoverQi * j * k;

thedesiredresultis

fi + 1- 2 * j * k � fi � 1- 2* j * k � fi * j + 1- 2 * k � fi * j � 1- 2* k � fi * j * k+ 1- 2 � fi * j * k � 1- 2 �/.
Qi 0 j 0 k W



x � y� z� dxdydz� (9)

To obtain(9), by theGaussdivergencetheoremtheshapefunctionsmustsatisfy.
Qi 0 j 0 k ∇ � νννi * j * k;m* n * p dxdydz �21 1 � (10)

Thus,theshapefunctionsshouldyield adiscreteform (9) of thecontinuityequation(1) in Ω.
To develop a discreteform for the Darcy relation



3� , a control volume which straddlesa cell face

Fi + m* j + n * k+ p is used;controlvolumeQ
�
i + 1- 2 * j * k for faceFi + 1- 2 * j * k is depictedin Figure2. Weightedwith atest

functionwi + 1- 2 * j * k, andwith q approximatedby (8),


3� is integratedover Q

�
i + 1- 2 * j * k. Thechoiceof thetest

function is motivatedby theefficiency andconvenienceof eliminatingfacepressuresadjoiningtwo cells;
see[4]. Here,we usetheform proposedby GaranzhaandKonshin[5] for thetestfunction,a modification
of thatoriginally describedin [1], aswehave foundthatit performswell in mostcases[4]. Referringto face
Fi + 1- 2 * j * k of Figure2, this testfunctionis

wi + 1- 2* j * k � 3465 X i * j * k 
 ŷ � ẑ� � Ji * j * k 
 x̂ � ŷ � ẑ��� on Q
�
i + 1- 4 * j * k �

X i + 1 * j * k � Ji + 1 * j * k � on Q
�
i + 3- 4 * j * k �

0 � otherwise,
(11)

whereX i * j * k is thecovariantvectorfor ∂r � ∂x̂. Similar formsexist for thelogicaly andzdirections.
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Over the straddlingcontrol volume Q
�
i + 1- 2 * j * k the specificdischarge approximationanalogousto (8)

involvesthetwo adjoiningcells;allowing V i + 1- 2 * j * k to bethis approximator, then

V i + 1- 2 * j * k � fi + 1- 2 * j * k 7 νννi * j * k;1- 2 * 0 * 0 � νννi + 1 * j * k; � 1- 2 * 0* 0 8 � fi � 1- 2 * j * k νννi * j * k; � 1- 2 * 0* 0� fi + 3- 2 * j * k νννi + 1* j * k;1- 2 * 0 * 0 � fi * j + 1- 2 * k νννi * j * k;0* 1- 2 * 0 � fi * j � 1- 2* k νννi * j * k;0 * � 1- 2* 0� fi * j * k + 1- 2 νννi * j * k;0* 0 * 1- 2 � fi * j * k � 1- 2 νννi * j * k;0* 0* � 1- 2 � fi + 1 * j + 1- 2 * k νννi + 1 * j * k;0* 1- 2* 0� fi + 1 * j � 1- 2* k νννi + 1 * j * k;0 * � 1- 2* 0 � fi + 1* j * k + 1- 2 νννi + 1 * j * k;0* 0 * 1- 2 � fi + 1 * j * k � 1- 2 νννi + 1* j * k;0* 0 * � 1- 2 � (12)

ThediscreteDarcy relationis obtainedfrom (3) by integrating(12)against


11� over Q

�
i + 1- 2 * j * k:

pi + 1 * j * k � pi * j * k � � µ .
Q9i : 1; 2 0 j 0 k 7 K � 1V i + 1- 2* j * k 8 � wi + 1- 2 * j * k dxdydz� (13)

Theintegrationsin


13� resultin asetof coefficientsrelatingthebulk fluxesonthefacesof Qi * j * k andQi + 1 * j * k

to thedifferencein pressuresat thecell centers(at x̂ � ŷ � ẑ � 1� 2 in eachcell). This methodis appliedto
all interior facesof thedomain,formingadiscreteDarcy relation(13) for eachface.Thediscretecontinuity
andDarcy equations,



9� and(13),appliedto every cell within thedomain,form thediscretizationsfor the

CVMFE method.With irregulargrids,this systemof equationscanbenon-symmetric,thoughwith certain
numericalintegrationrulessymmetrycanbe assured[5]; otherwise,it is similar in structureto equations
thatresultfrom othermixed-methodtechniques.

Onauniform grid with ascalarconductivity K , with theshapefunctionsof theusualmixedmethodand
with control-volumetestfunctionsasin (11), theintegrationsin (13) leadto a tridiagonalmassmatrix with
coefficientsin theproportionof 1/8, 6/8, 1/8. For theusualmixed method,in which the testfunctionsare
thesameastheshapefunctions,theanalogousproportionsare1/6,4/6,1/6,andfor theusualfinite-volume
or finite-differencemethods,they are0, 1, 0 (diagonalor lumpedmassmatrix).As pointedout in [5], based
on one-sidedcompactdifferenceschemes,the off-diagonalcoefficient 1/8 of CVMFE can be expected
to preserve second-orderaccuracy on non-uniformgrids, in which thereis no particularrelationbetween
the grids on the two sidesof an interface.This may be the reasonwhy CVMFE hascalculatedsecond-
order-accuratefluxeson non-smoothquadrilateralgrids in 2-D, without any needfor Lagrangemultipliers
(correspondingto facepressures)asin theusualmixedmethods(e.g.,[7]).

4. FLUX INTERPOLA TION

This sectiondiscussesinterpolationof cell-face fluxes over cell interiors, a preludeto developing cell-
velocity interpolationfunctions.Considerthe flux fx



x̂� acrossan interior cell surfacedefinedby a fixed

valueof x̂ within Q̂; if fx is theresultof avelocityfield q


r � , thenthis flux is:

fx


x̂�<� .

x̂
q


r ��� nx̂dS � . 1

0
. 1

0
q


r̂ ��� nx̂ ! Y � Z ! dŷdẑ � . 1

0
. 1

0
q


x̂ � ŷ � ẑ��� 
 Y � Z � 
 x̂ � ŷ � ẑ� dŷdẑ� (14)

wherenx̂ is the unit normalto this surface(7). The crossproductY � Z is a function of r̂ � 

x̂ � ŷ � ẑ� and

representsapolenormalto thesurfaceat x̂. Its dependency on x̂ canbemadeexplicit (seeAppendixA):

Y � Z � 

1 � x̂� 
 Y0x � Z0x � � x̂



Y1x � Z1x ��� x̂



1 � x̂� 
 Y2x � Z2x ��� (15)

whereY0x


ẑ�=� Y ! x̂> 0, Z0x



ŷ�=� Z ! x̂ > 0, Y1x



ẑ�=� Y ! x̂> 1, Z1x



ŷ�=� Z ! x̂> 1, Y2x � Y1x � Y0x, andZ2x � Z1x �

Z0x. Substituting


14� into



15� , thebulk flux acrossthesurfaceat x̂ is

fx


x̂�?� 


1 � x̂� f0x


x̂ � � x̂ f1x



x̂��� x̂



1 � x̂ � f2x



x̂��� (16)
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where

f0x


x̂�@� . 1

0
. 1

0
q


x̂ � ŷ � ẑ��� 
 Y0x � Z0x � dŷdẑ� (17a)

f1x


x̂�@� . 1

0
. 1

0
q


x̂ � ŷ � ẑ��� 
 Y1x � Z1x � dŷdẑ� (17b)

f2x


x̂�@� . 1

0
. 1

0
q


x̂ � ŷ � ẑ��� 
 Y2x � Z2x � dŷdẑ� (17c)

For a uniform flow field q


r̂ ��� q,



17a� – 


17c� areindependentof x̂. Since f0x and f1x involve bothY and
Z at x̂ � 0 andx̂ � 1, respectively, and f2x is balancedbetweenx̂ � 0 andx̂ � 1, it is naturalto considerthe
quadraticapproximation

Qfx


x̂�?� 


1 � x̂� f0x


0� � x̂ f1x



1��� x̂



1 � x̂� f2x



1� 2��� (18)

which is exactfor uniform q. Wewill alsomake useof thelinearapproximation

L fx


x̂�?� 


1 � x̂� f0x


0� � x̂ f1x



1��� (19)

The errorsof theseapproximationsarederived in AppendixB, which we summarizehere.To seethe
dependenceon grid size,scalethex-dimensionto ∆x, keepingŷ andẑ on theunit interval. (We wantto see
how the flux error acrossa fixed x-facevarieswith ∆x; refining it in y andz would have no effect, aswe
would integratein y andzovereachsubfaceandwouldsumover them.)For fixedx, 0 A x A ∆x, theGreen’s
functionof theoperatord2 � dx2 with homogeneousDirichlet boundaryconditionsis

G


x � ξ ��� 3465 ξ 7 x

∆x � 18 � 0 A ξ A x �
x B ξ

∆x � 1CD� x A ξ A ∆x � (20)

Now fx � L fx satisfiestheseboundaryconditionsand


L fx �FE EG� 0, sothat

fx


x��� L fx



x�H�I. ∆x

0
G



x � ξ �KJ d2

dx2



fx � L fx �ML 


ξ � dξ �N. ∆x

0
G



x � ξ � f E Ex 


ξ � dξ � (21)

In AppendixB, it is shown that(21) leadsto

fx � Qfx � 
 x�� . ∆x

0
G



x � ξ � . 1

0
. 1

0 O 2
∆x

∂q
∂x



ξ � ŷ � ẑ��� 
 Y1x � Z1x � Y0x � Z0x �� J 1 � ξ

∆x
L ∂2q

∂x2



ξ � ŷ � ẑ��� 
 Y0x



ẑ�#� Z0x



ŷ� � � ξ

∆x
∂2q
∂x2



ξ � ŷ � ẑ��� 
 Y1x



ẑ�#� Z1x



ŷ� ��QP 2

∆x2 J q


ξ � ŷ � ẑ��� q J ∆x

2
� ŷ � ẑLRL � 4

∆x
J ξ

∆x
� 1

2
L ∂q

∂x



ξ � ŷ � ẑ��� ξ

∆x
J 1 � ξ

∆x
L ∂2q

∂x2



ξ � ŷ � ẑ�TSR�� 
 Y2x



ẑ�#� 


Z2x


ŷ� �VU dŷdẑdξ (22)

and 

fx � L fx � 
 x�H� 


fx � Qfx � 
 x� � . ∆x

0
G



x � ξ � . 1

0
. 1

0

2

∆x2q J ∆x
2

� ŷ � ẑLW�� 
 Y2x


ẑ�#� Z2x



ŷ� � dŷdẑdξ � (23)
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Assumingsmoothvariationof q, Y, andZ with x, the errorsin (22) and (23) areboth X 

∆x2 � , with

the two powersof ∆x comingfrom thedξ integral andtheGreen’s function.The∂q � ∂x andq termshave
coefficientsthatare X 


∆x� 1 � and X 

∆x� 2 � , respectively, but in eachcasethey aremultipliedby adifference

or productof differencesthatrestoresthepower(s)of ∆x.
Note that q appearsin fx � L fx, while fx � Qfx hasonly derivatives anddifferencesof q. Thus,Qfx

yieldsexactfluxesfor uniformq, while L fx doesnot,thoughbotharesecond-order. Thesecond-orderterms
in fx � Qfx arethefirst two ∂2q � ∂x2 terms,presentevenonauniformcartesiangrid (i.e.,unavoidableunless
q is linear),andthefirst ∂q � ∂x term,dueonly to grid distortionandvanishingif x-faceswereuniform. In
fx � L fx thereis alsothesecond-ordertermin (23).

The above analysistacitly assumesthat the coarse-cellrefinementis smooth,e.g.,along the trilinear
coordinatessetupby thereferencemapping(thecoarsegridmayberough;only theasymptoticrefinementof
eachcell needbesmooth).If so,thenY2, Z2, andthedifferenceof Y � Z in (22)areall X 


∆x� . Equivalently,
in a refinedcoarsecell, the angulardeviation from a parallelepipedis assumedto decreaseas X 


∆x� (so
that the deviation of the verticesdecreasesas X 


∆x2 � ). If not, i.e., if angulardeviations do not decrease
(“random” refinement),thenY2, Z2, andthe differenceof Y � Z are X 


1� . In fx � Qfx, the ∂q � ∂x andq
(difference)termsbecomefirst-order;in fx � L fx, the q term becomeszeroth-order. Thus,alongwith its
exactinterpolationof uniform-flow fluxesondistortedgrids,thequadraticflux interpolationmaybecrucial
in obtainingconvergentflux approximationson randomlyrefinedgrids.

Thenext sectionshows that thePiola transformation,commonlyusedto relatevector-valuedfunctions
on referencecells to irregular hexahedralcells, leadsto the linear flux interpolationL fx. The possible
shortcomingsof L fx notedherewill motivateconsiderationof shapefunctionsother thanthoseobtained
from thePiolatransformation.

In


18� , thequadraticflux interpolationrequiresthat f0x



0� , f1x



1� and f2x



1� 2� beknown. Fluxes f0x



0�

and f1x


1� arecomponentsof the solution vector for a mixed method.If the crossproductY2x � Z2x in

f2x is taken to be a polenormalto a surface,then ! Y2x � Z2x ! dŷdẑ canbe viewed asan elementalareaon
this surface;we adoptthis anddefinethe surfaceasthe secondaryface, asopposedto the primary faces
formedby thecell surfaces.An approximationof thesecondaryflux f2x



1� 2� in termsof primaryfluxeswill

be presentedlater; here,it is treatedasknown. If cells areparallelepipeds,the last term in


18� is null as

Y2x � Z2x � 0; thus,flux interpolationfor regulargridswill belinear, asfor thePiolatransformation.
In



17c� , 


ŷ � ẑ� rangesover thesquare


0 � 1��� 


0 � 1� . Thesecondarysurfacecanbeplanar (vectorY2x �
Z2x pointsin thesamedirectionfor all



ŷ � ẑ� ), non-planar(thedirectionvarieswith



ŷ � ẑ� ), or twistedplanar

(thevectorpointsin oppositedirectionsat


ŷ � ẑ�Y� 


0 � 0� and


1 � 1� ). For twistedplanarfaces,expressions

suchas ! Y2x � Z2x ! dŷdẑbecomesuspectbecausesucha facewouldbeexcludedin the2-D mappingfrom a
distortedbut convex quadrilateralto theunit square;suchmappingsareimplicit to thiswork. Thisbehavior
affectstheaccuracy of thecell-velocity interpolationfunction,discussedin subsequentsections.

5. PIOLA TRANSFORMATION

ThePiolatransformationrelatesvector-valuedfunctionsonahexahedronQ to onesonthereferencecubeQ̂
in a mannerthatpreservesnormalfluxesacrossprimarycell facesandpartsof faces.For velocity interpo-
lation on hexahedralmeshes,we mustdefinesuchfunctionson Q, givencertainvaluesor functionals(e.g.,
integratedfluxes)of thesefunctions.Let r



x̂ � ŷ � ẑ�Y� r



r̂ �Y� 


x � y� z� be asin (4). The Piola transformation
takesavector-valuedfunction v̂ on Q̂ to v onQ definedby

v


r


r̂ � �=� Dr



r̂ �

J


r̂ � v̂



r̂ ��� (24)

whereDr is theJacobianmatrixof r andtheJacobianJ is its determinant.Then[8, 9].
∂Q

v � n 

s� z



s� ds � .

∂Q̂
v̂ � n̂ 


ŝ� z


r


ŝ� � dŝ� (25)
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where∂Q is theboundaryof Q, n


s� is theoutwardunit normalvectorats � ∂Q, z is ascalar-valuedfunction

(not necessarilycontinuous)on ∂Q, andn̂


ŝ� is theoutwardunit normalvectorat ŝ � ∂Q̂. It is assumedthat

v̂ andzaresmoothenoughsothattheintegralsin (25)makesense;zcanbechosento be1 onsomepartsof
∂Q and0 elsewhere.Thus,(24)preservesnormalfluxesacrossprimarycell facesandpartsof faces.

We needto generalize(25) to interior faces,suchasthosefor a fixed x̂. Thestandardbasisfunctionson
the referenceelementQ̂, associatedwith primary facefluxes,arethe lowest-orderRaviart-Thomas(RT0)
functions[10]. Correspondingto the facesx̂ � 0 � 1, ŷ � 0 � 1, ẑ � 0 � 1, respectively, arethe velocity fields
ν̂̂ν̂νx0 � 


1 � x̂ � 0 � 0� , ν̂̂ν̂νx1 � 

x̂ � 0 � 0� , ν̂̂ν̂νy0 � 


0 � 1 � ŷ � 0� , ν̂̂ν̂νy1 � 

0 � ŷ � 0� , ν̂̂ν̂νz0 � 


0 � 0 � 1 � ẑ� , ν̂̂ν̂νz1 � 

0 � 0 � ẑ� . Thus,

ν̂̂ν̂νx1 hasflux 1 acrossthefaceF̂x1 at x̂ � 1, flux 0 acrosstheotherfiveprimaryfaces,andflux c acrossinterior
faceF̂xc at x̂ � c. Thenormalvelocitycomponentis constanton suchfaces.

Let v̂ � ν̂̂ν̂νx1, anddefinev by (24).AppendixC shows that.
Fxc

v � nzds � .
F̂xc

cz


r


ŝ� � dŝ� .

Fyc

v � nzds � 0 � (26)

so that fluxesof v̂ acrossinterior facesandpartsof suchfacesarepreserved.By linearcombinations,this
generalizesat onceto any imageof an RT0 function (Piola-transformedvelocity) on Q. It follows that
the transformednormal componentv � n 


s� on Fxc must be v̂ � n̂ 

ŝ� � Γxc



ŝ�Z� c� Γxc



ŝ� , pointwise,where

Γxc denotesthe surfaceJacobianon Fxc, so thatv � n is proportionalto 1� Γxc. Considerthe following two
propertiesof avector-valuedfunctionq on Q:

(P1) Thefluxes fx


x̂� , fy



ŷ� , fz



ẑ� vary linearlywith x̂, ŷ, ẑ, respectively.

(P2) Thenormalcomponentsq � nx̂, q � nŷ, q � nẑ areinverselyproportionalto thesurfaceJacobians! Y � Z ! ,! Z � X ! , ! X � Y ! , respectively.

Thenq on Q is thePiola transformof an RT0 functionq̂ on Q̂ if andonly if q satisfies(P1)and(P2).
The “only if ” part follows from the linear variation of fluxes of RT0 functions on Q̂ and the flux-

preservation properties(26) andgeneralizations.For the “if ” part, let q satisfy(P1)and(P2).On Q̂, there
is a uniqueRT0 function q̂ with fluxes fx



0� , fx



1� , fy



0� , fy



1� , fz



0� , fz



1� on the facesF̂x0, F̂x1, F̂y0,

F̂y1, F̂z0, F̂z1, respectively. ThePiolatransformof q̂ satisfies(P1)and(P2),with thesamefluxesandnormal
componentsasq everywhereonQ. Sinceavector-valuedfunctionis uniquelydeterminedby its threenormal
componentsateachpoint,q mustbethePiolatransformof q̂. Notethatoneconsequenceof thisdevelopment
is thatthePiolatransformationdictatesthelinearflux interpolationin (19).

In 2-D, it follows that for any quadrilateralcell Q, a uniform flow q is theexact Piola transformof an
RT0 function.To seethis, let theverticesof Q bev00, v10, v01, v11, with thebilinearmapping

r � 

1 � x̂� 
 1 � ŷ� v00 � x̂



1 � ŷ� v10 � 


1 � x̂� ŷv01 � x̂ŷv11 � (27)

OnecheckseasilythatX � a � ŷb andY � c � x̂d, for constantvectorsa, b, c, d. Theinterioredgeat fixed
x̂ is parallelto Y � 


∂x� ∂ŷ � ∂y� ∂ŷ� T , andtheflux of q acrossthisedgeis theintegralof q � nx̂ ! Y ! from 0 to 1,
wherenx̂ is theunit normalto Y, and ! Y ! is theedgeJacobian.Becausenx̂ ! Y !�� 


∂y� ∂ŷ �[� ∂x� ∂ŷ� T � e � x̂f,
for constantvectorse, f, theflux acrossthefixed-x̂ edgeis q � e � x̂q � f, whichvarieslinearlywith x̂, verifying
(P1).TheedgeJacobian! Y ! is constantfor fixed x̂, asis thenormalcomponentq � nx̂, verifying (P2).Thus,
in 2-D, thelinearflux interpolationL fx in (19) is exactfor uniform flow.

The3-D situationis quitedifferent,asshown by thequadraticallyvaryingfluxesof uniformflow in (18).
A simpleexampleis the“truncatedpyramid” hexahedronQ (Figure3a),whosebottomfaceatz � 


s0 � s1 � � 2
(ẑ � 0) is a squareof sides0 ( � s0 � 2 A x A s0 � 2, � s0 � 2 A y A s0 � 2), andwhosetop faceat z � 


s1 � s0 � � 2
(ẑ � 1) is asquareof sides1 ( � s1 � 2 A x A s1 � 2, � s1 � 2 A y A s0 � 2):

x � a


2x̂ � 1� � 2 � y � a



2ŷ � 1� � 2 � z � 


ẑ � 1� 2� 
 s1 � s0 ��� (28)

wherea � s0 � ẑ


s1 � s0 � . Thefour lateralfacesareplanartrapezoids(seeFigure3a).For verticaluniform

flow q � 

0 � 0 � 1� , theflux acrosshorizontalinterior facesfor fixed ẑ is thecross-sectionalarea,

fz


ẑ���"\ 
 1 � ẑ� s0 � ẑs1 ] 2 � (29)
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a. Truncatedpyramid. b. Tentwith curvedroof.

Figure 3. a. Hexahedralcell in form of a truncatedpyramid. Uniform flow parallel to vertical z axis, as indicatedby arrow, is
assumed.s0 ands1 indicatethelengthof the lower andupperedges,respectively. b. Hexahedralcell in form of a tentwith curved
roof. Uniform flow parallel to horizontalx axis,asindicatedby arrow, is assumed.Dash-dotlines show maximaandminima of
saddlesurfaceformingcell faceẑ ^ 1. For bothfigures,verticesv000 andv111 areindicated;seeFigure1 for orientation.

A Piola-transformedRT0 functionwith thecorrecttopandbottomfluxeshaslinearly varyingflux

L fz


ẑ�?� 


1 � ẑ� fz


0� � ẑfz



1��� 


1 � ẑ� s2
0 � ẑs21 � (30)

As (29)and(30)donotagree,Piola-transformedRT0 functionscannotrepresentauniformflow field exactly
in 3-D, evenon suchasimpleelement.Quadraticflux interpolation(18) treatsthiscase.

Anotherexampleis a “tent with curvedroof” (Figure3b) with unit squarebaseat z � 0 (ẑ � 0), vertical
lateralfaces,heighth0 at two oppositevertices



0 � 0 � h0 � , 


1 � 1 � h0 � , andheighth1 at theothertwo vertices:

x � x̂ � y � ŷ � z � 

h0 \ 
 1 � x̂� 
 1 � ŷ� � x̂ŷ] � h1 \ 
 1 � x̂� ŷ � x̂



1 � ŷ� ] � ẑ� (31)

For horizontaluniform flow q � 

1 � 0 � 0� , by symmetrythe flux acrossthe curved roof Fz1 at ẑ � 1 is 0

(this alsofollows from the divergencetheorem).An arbitraryPiola-transformedRT0 function v with flux
0 acrossFz1 is a linear combinationof the transformsνννx0, νννx1, νννy0, νννy1, νννz0, νννz1 of the six referencebasis
functions.By (25), thetransformsotherthanνννz1 havevanishingnormalcomponentonFz1, pointwise.Thus,
thecontribution of νννz1 to v hasflux 0 acrossFz1, sothat its coefficient in thelinearcombinationis 0; hence
v � n vanisheson Fz1, pointwise.Sinceq � n � � 0, q is not a Piola-transformedRT0 function.More generally,
a 3-D shape-functionspacewith (a) degreesof freedomcorrespondingto facefluxes and (b) pointwise
preservation of null normal componentsacrosssurfacescannot,for generalhexahedrathat are trilinear
imagesof a referencecube,containtheconstantvectorfields.This examplepointsout issuesof pointwise
velocity interpolation,asopposedto integratedflux interpolation,andthedifficultiesof treatinghexahedra
with non-planarfaces.

6. VELOCITY INTERPOLA TION

Givenprimaryfacefluxes f0x


0� , etc.,andsecondaryfluxes f2x



1� 2� , etc.,this sectiondeterminesinterpo-

latedvelocity approximationsat any point r̂ in a cell Q. We build theseapproximationsfrom components
that parallel the covariant vectorsX, Y and Z. For the exact Darcy velocity q



r̂ � thesecomponentsare

designatedqX


r̂ � , qY



r̂ � andqZ



r̂ � , with

q � qX � qY � qZ � (32)
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ThemagnitudeUx̂


r̂ � of thevelocitynormalto anarbitrarysurfaceat x̂, with unit normaln̂x, is

Ux̂ � q � nx̂ � qX � nx̂ � (33)

becausenx̂ � qY � nx̂ � qZ � 0. Conversely, if thenormalcomponentUx̂


x̂ � ŷ � ẑ� is specified,then

qX


x̂ � ŷ � ẑ��� Ux̂



x̂ � ŷ � ẑ�$! Y � Z ! 
 x̂ � ŷ � ẑ�

X


ŷ � ẑ��� 
 Y � Z � 
 x̂ � ŷ � ẑ� X



ŷ � ẑ��� Ux̂

X
J

! Y � Z ! (34)

satisfies(33).Thus,in theory, ashapefunctioncanmatchanarbitraryUx̂, andsimilarly for qY andqZ.
Equation(34) is too general;practicalshapefunctionsthat specifyUx̂



x̂ � ŷ � ẑ� mustbedefined.Therel-

evant unknowns for CVMFE areprimary facefluxes f0x


0� , f1x



1� , f0y



0� , f1y



1� , f0z



0� , f1z



1� ; hence,

Ux̂


x̂ � ŷ � ẑ� shoulddependon f0x



0� , f1x



1� , andpossiblytheothers.ThePiolatransformationtakes

Ux̂


x̂ � ŷ � ẑ�=� 


1 � x̂� f0x


0� � x̂ f1x



1�! Y � Z ! 
 x̂ � ŷ � ẑ� � L fx



x̂�! Y � Z ! 
 x̂ � ŷ � ẑ� � (35)

whichwe verify by checkingproperties(P1)and(P2).For (P1),asin (14),

fx


x̂��� . 1

0
. 1

0
Ux̂



x̂ � ŷ � ẑ�$! Y � Z ! 
 x̂ � ŷ � ẑ� dŷdẑ � L fx



x̂��� (36)

and(P2)is immediate.Thepotentialshortcomingsof thePiola-transformedshapefunctionshavebeennoted
in previoussections,andwethereforeconsideralternativesto properties(P1)and(P2).

Thefluxesof uniformflow canbematchedexactly if wereplace(P1)with

(U1) Thefluxes fx


x̂� , fy



ŷ� , fz



ẑ� vary quadraticallywith x̂, ŷ, ẑ, respectively, in themannerof (18).

Here f2x


1� 2� mustbe determinedby f0x



0� , f1x



1� , andpossiblythe otherprimary fluxes,in waysto be

describedlater. Becauseauniform flow hasconstantnormalcomponenton aplanarface,consideralso

(U2) Thenormalcomponentsq � nx̂, q � nŷ, q � nẑ areconstanton interior faceswith fixed x̂, ŷ, ẑ, respectively.

For afixed-x̂ interior face,with flux fx


x̂� , (U2) requiresthat

Ux̂


x̂ � ŷ � ẑ��� fx



x̂� � Ax



x̂� (37)

(unlike (P2),for whichUx̂


x̂ � ŷ � ẑ��� fx



x̂� ��! Y � Z ! 
 x̂ � ŷ � ẑ� ), whereAx is thesurfaceareaof theinterior face:

Ax


x̂ �=�/. 1

0
. 1

0
! Y � Z ! 
 x̂ � ŷ � ẑ� dŷdẑ� (38)

Only if the interior faceis planaris this straightforward to computefor all x̂, making(U2) somewhat im-
practical.It alsomatchesuniformflow pointwiseonly underthosecircumstances.(In general,if thenormal
directionchangesby X 


1� acrossahexahedralcell of size X 

1� , asit can,thenupontrilinear refinementthe

directionwill changeby X 

∆x� acrossa refinedhexahedronof size X 


∆x� ; thus,first-orderaccuracy in the
pointwiserepresentationof uniform flow is thebestthatonecanhopefor.) Accordingly, we formulatethe
less-restrictive propertythatrequiresconstancy at theends(primaryfaces)only:

(UE2) Thenormalcomponentsq � nx̂, q � nŷ, q � nẑ areconstanton theprimarycell faces.

Property(UE2) doesnot specifyhow normalcomponentsvary in the interior; this variationwill be a by-
productof combinationsof (UE2)with theflux variations(P1)and(U1).

A simplemodificationof thePiolashapefunctionsthatsufficesto representuniform flow on the“trun-
catedpyramid” is thereplacementof linearwith quadraticflux interpolation,combining(U1) with (P2):

Ux̂


x̂ � ŷ � ẑ�<� 


1 � x̂� f0x


0� � x̂ f1x



1��� x̂



1 � x̂� f2x



1� 2�! Y � Z ! 
 x̂ � ŷ � ẑ� � Qfx



x̂ �! Y � Z ! 
 x̂ � ŷ � ẑ� � (39)
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For elementswith variablesurfaceJacobiansonprimaryand/orinterior faces,combine(P1)with (UE2):

Ux̂


x̂ � ŷ � ẑ�=� 


1 � x̂� f0x


0�

Ax


0� α0x � x̂

f1x


1�

Ax


1� α1x � (40)

where

α0x � ! Y0x � Z0x ! 
 ŷ � ẑ�! Y � Z ! 
 x̂ � ŷ � ẑ� � α1x � ! Y1x � Z1x ! 
 ŷ � ẑ�! Y � Z ! 
 x̂ � ŷ � ẑ� � (41)

At x̂ � 0 and x̂ � 1, (40) reducesto the form of (37), with constantnormalcomponent.The interpolated
flux is asin (36), which is the reasonfor the factorsα0x andα1x in (40). An analogousdevelopmentwith
quadraticallyvaryingflux combines(U1) with (UE2) to obtain

Ux̂


x̂ � ŷ � ẑ�=� 


1 � x̂� f0x


0�

Ax


0� α0x � x̂

f1x


1�

Ax


1� α1x � x̂



1 � x̂� f2x



1� 2�

A2x
α2x � (42)

whereα2x andA2x arediscussedbelow. For thesecondarysurface,two alternativesaresuggestedfor α2x:

α2x� 1 � ! Y2x � Z2x !! Y � Z ! � α2x� 2 � 

Y2x � Z2x ��� W2x! W2x ! ! Y � Z ! � (43)

whereY2x


ẑ��� Y1x � Y0x, Z2x



ŷ�=� Z1x � Z0x, andW2x is definedas

W2x � . 1

0
. 1

0



Y2x



ẑ��� Z2x



ŷ� � dŷdẑ � . 1

0
Y2x



ẑ� dẑ � . 1

0
Z2x



ŷ � dŷ � Y2x



1� 2��� Z2x



1� 2��� (44)

To show the secondequality in (44), write out eachcomponentof the crossproductin the vectordouble
integral, observe that the termsin the resultingscalardoubleintegrals canbe factoredinto scalarsingle
integrals,andfinally reassembletheseinto thecomponentsof acrossproductof vectorsingleintegrals.The
lastequalityfollows from thelinearity of Y2x andZ2x with respectto ẑ andŷ, respectively. Relatedto these
two alternativesaretwo alternative definitionsfor theareaA2x of thesecondarysurface:

A2x� 1 �_. 1

0
. 1

0
! Y2x � Z2x ! dŷdẑ� A2x� 2 �N. 1

0
. 1

0



Y2x � Z2x ��� W2x! W2x ! dŷdẑ �"! W2x !%� (45)

Both expressionsin


43� are approximatefor non-planarsecondaryfaces.For twisted planarsecondary

faces,A2x � 1 is incorrectbecauseit is basedon a mappingfor a convex region andpreventscancellation
of oppositedirectionsin Y2x � Z2x; A2x � 2 is correctin this case,andα2x � 2 shouldbesuperiorto α2x � 1 as
thetwisted-facedifferentialareais usedin theconstructionof this ratio.For planar, non-twisted,secondary
faces,



Y2x � Z2x � 
 ŷ � ẑ� is a positive multiple of W2x, sothatbothformsin



43� and



45� produceidentical

results.
For thevelocitymagnitude,thoughotherformshavebeenstudied,wehavefoundthat(42)performswell

becausethe ratios


41� and



43� adjustthemagnitudeby comparinga differentialelementon the interior

surfacewith oneon thecell surface.In contrastto Ux̂


x̂ � ŷ � ẑ� of



33� , theapproximatevelocity magnitudes

in


40� and



42� becomeconstanton the cell facesat x̂ � 0 and x̂ � 1. This resultsbecause



40� and


42� arebasedon theflux interpolationfunctions


19� and



18� , respectively; theseinterpolationfunctions

assumebulk fluxesat thecell facesto approximatethebulk flux on a congruentinterior face.This level of
approximationis consistentwith thediscretecontinuityandDarcy equations,



9� and(13).

UseUx̂ from


42� to approximate



34� ; thentheapproximationVX of qX in



34� is

VX � X
J

\ 
 1 � x̂� βx0 fx0 � x̂βx1 fx1 � x̂


1 � x̂� βx2 fx2 ] � (46)

where fx0 � f0x


0� and fx1 � f1x



1� aretheactualfluxesacrosscell facesx̂ � 0 and x̂ � 1, and fx2 is the

secondaryflux to bedeterminedlater. Theratiosβx0 andβx1 andthesuggestedalternativesfor βx2 are

βx0 �a```` Y � Z
Ax

```` x̂ > 0
� βx1 �b```` Y � Z

Ax
```` x̂> 1

� βx2 � 1 � ! Y2x � Z2x !
A2x� 1

� βx2 � 2 � 

Y2x � Z2x ��� W2x! W2x ! 2 � (47)
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Similar expressionscanbederivedfor interpolationfunctionsin theY andZ directions:

VY � Y
J

\ 
 1 � ŷ� βy0 fy0 � ŷβy1 fy1 � ŷ


1 � ŷ� βy2 fy2 ] � (48)

VZ � Z
J

\ 
 1 � ẑ� βz0 fz0 � ẑβz1 fz1 � ẑ


1 � ẑ� βz2 fz2 ] � (49)

where

βy0 � ```` Z � X
Ay

```` ŷ> 0

� βy1 � ```` Z � X
Ay

```` ŷ > 1

� βz0 � ```` X � Y
Az

```` ẑ> 0
� βz1 � ```` X � Y

Az
```` ẑ> 1

�
βy2 � 1 � ! Z2y � X2y !

A2y� 1
� βy2 � 2 � 


Z2y � X2y ��� W2y! W2y ! 2 �
βz2� 1 � ! X2z � Y2z !

A2z� 1
� βz2� 2 � 


X2z � Y2x ��� W2z! W2z ! 2 �
TheassociatedsecondaryvectorsareX2y � X ! ŷ> 1 � X ! ŷ> 0, Z2y � Z ! ŷ> 1 � Z ! ŷ> 0, X2z � X ! ẑ> 1 � X ! ẑ> 0 and
Y2z � Y ! ẑ> 1 � Y ! ẑ> 0; fy0, fy1, fz0 and fz1 arefluxesacrosscell facesat ŷ � 0, ŷ � 1, ẑ � 0 andẑ � 1; and
fy2 and fz2 arefluxesassociatedwith thesecondaryfacesin thelogical y andz directions.AreasAy



ŷ� and

Az


ẑ� aresimilar to



38� andsecondaryareasA2y � 1 andA2z� 1 aresimilar to A2x� 1 in



45� .

Thecell approximationVc of thevelocityq canbeobtainedfrom theserelationsas

Vc � VX � VY � VZ � (50)

For uniform flow, where


18� is exact, Vc can equalq provided that all cell facesare planar;however,

becauseof possibleerrorsin the velocity magnitudecorrectionratiosβx2, βy2 and βz2 for the secondary
face,thisequalitymaynothold.This discrepancy will bediscussedfurthersubsequently.

7. VELOCITY SHAPE FUNCTIONS

This sectionfinalizestheshapefunctionsby developingaccurateapproximationsfor thesecondaryfluxes
fx2, fy2 and fz2 in termsof theprimaryfluxes fx0, fx1, fy0, fy1, fz0 and fz1. Theexactrelationfor fx2 is



17c�

with x̂ � 1� 2; onecouldpropose


50� to approximateq in



17c� , exceptthatVc itself requiresknowledge

of fx2, fy2 and fz2. Wepropose,instead,to approximateq in


17c� with abulk value c q d for thecell Q. The

approximationf̃x2 for thesecondaryflux fx2 would thenbe

f̃x2 �"c q d�� . 1

0
. 1

0



Y2x � Z2x � dŷdẑ �ec q d�� W2x � (51)

whereW2x, derived in (44), is a bulk equivalentof Y2x � Z2x thatalsoappearsin


43� and



45� to correct

for twistedplanarsecondaryfaces.Thefactthat ! W2x ! givesthecorrectareafor a twistedplanarsecondary
faceinspiredthedifferentialareausedin theseexpressions.For thebulk cell velocity c q d , we propose:c q d@� 1

8
\ Vc



0 � 0 � 0� � Vc



1 � 0 � 0� � Vc



0 � 1 � 0� � Vc



0 � 0 � 1�� Vc



1 � 1 � 1� � Vc



0 � 1 � 1� � Vc



1 � 0 � 1� � Vc



1 � 1 � 0� ] � (52)

That is, thecell velocity Vc at thecornersis averaged.At thecorners,thesecondaryfluxesarenot needed
in Vc, sothatwe canwrite

Vc


i � j � k �f�e\ fxi X



j � k � βxi



j � k � � fyj Y



i � k � βyj



i � k � � fzkZ



i � j � βzk



i � j � ]hg J



i � j � k ��� (53)
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wherei � 0 � 1; j � 0 � 1; k � 0 � 1. With


51� , 


52� shouldproducea reasonableestimateof the secondary
flux, fx2; for uniform flow, it is exact.AppendixD shows that, for a generalsmoothvelocity field q, this
approximationpreservesthesecond-orderaccuracy of thequadraticflux interpolationQfx, asin (22).

This shows that fx2 canbeapproximatedasa linearcombinationof theprimaryfluxes fx0, fx1, fy0, fy1,
fz0 and fz1, andsimilarly for fy2 and fz2. Thegeneralsecondary-fluxapproximationis, for κ � x, y, or z, and
l � 0 � 1:

f̃κ2 � rκx0 fx0 � rκx1 fx1 � rκy0 fy0 � rκy1 fy1 � rκz0 fz0 � rκz1 fz1 � (54)

rκxl � W2κ

8
� 1

∑
m> 0

1

∑
p> 0

βxl


m� p� X 


m� p�
J


l � m� p� � (55a)

rκyl � W2κ

8
� 1

∑
m> 0

1

∑
p> 0

βyl


m� p� Y 


m� p�
J


m� l � p� � (55b)

rκzl � W2κ

8
� 1

∑
m> 0

1

∑
p> 0

βzl


m� p� Z 


m� p�
J


m� p � l � � (55c)

Here,J


x̂ � ŷ � ẑ� is the Jacobianin



5� andβxl, βyl andβzl areas in



46� – 


49� . Equation


54� follows by

substituting


53� into



52� and



52� into



51� . Following



44� , thebulk vectorsW2y andW2z are

W2y � . 1

0
. 1

0



Z2y



x̂�#� X2y



ẑ� � dx̂dẑ � Z2y



1� 2�i� X2y



1� 2��� (56a)

W2z �j. 1

0
. 1

0



X2z



ŷ�#� Y2z



x̂ � � dx̂dŷ � X2z



1� 2�i� Y2z



1� 2�k� (56b)

Theseformscompletethevelocity interpolationfunctionsVX , VY andVZ in


46� – 


49� .
Now shapefunctionscanbeobtaineddirectly from



50� by collectingcoefficientsof fx0, fx1, fy0, fy1, fz0

and fz1. In termsof shapefunctionsνννx0, νννx1, νννy0, νννy1, νννz0 andνννz1, thecell velocitybecomes

Vc � fx0νννx0 � fx1νννx1 � fy0νννy0 � fy1νννy1 � fz0νννz0 � fz1νννz1 � (57)

where

νννx0 � 1
J
\ 
 1 � x̂� X βx0 � x̂



1 � x̂� X βx2rxx0 � ŷ



1 � ŷ� Y βy2ryx0 � ẑ



1 � ẑ� Z βz2rzx0 ] � (58a)

νννx1 � 1
J
\ x̂X βx1 � x̂



1 � x̂� X βx2rxx1 � ŷ



1 � ŷ� Y βy2ryx1 � ẑ



1 � ẑ� Z βz2rzx1 ] � (58b)

νννy0 � 1
J
\ 
 1 � ŷ� Y βy0 � x̂



1 � x̂ � X βx2rxy0 � ŷ



1 � ŷ� Y βy2ryy0 � ẑ



1 � ẑ� Z βz2rzy0 ] � (58c)

νννy1 � 1
J
\ ŷY βy1 � x̂



1 � x̂� X βx2rxy1 � ŷ



1 � ŷ� Y βy2ryy1 � ẑ



1 � ẑ� Z βz2rzy1 ] � (58d)

νννz0 � 1
J
\ 
 1 � ẑ� Z βz0 � x̂



1 � x̂� X βx2rxz0 � ŷ



1 � ŷ� Y βy2ryz0 � ẑ



1 � ẑ� Z βz2rzz0 ] � (58e)

νννz1 � 1
J
\ ẑZ βz1 � x̂



1 � x̂� X βx2rxz1 � ŷ



1 � ŷ� Y βy2ryz1 � ẑ



1 � ẑ� Z βz2rzz1 ] � (58f)

Properlyreconfigured,Vc from adjoiningcellsapproximateV i + 1- 2 * j * k of


12� . For a cell Qi * j * k, theshape

functionsareasin


8� andcomplywith property



10� ; thatis,adiscretecontinuityequationis formulatedfor

Qi * j * k. This completestheCVMFE method.Notethatif normalcomponentswereapproximatedwith linear
formssuchas



40� insteadof



42� , thenonly thefirst termin eachof



58a� – 


58f � would remain(alsosee
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reference[4]). Becauseof thecomplexity of theshapefunctionsandthetestfunction


11� , theintegrations

in


13� were calculatedwith a very precisequadrature;the effect of quadraturewill be investigatedin

the future.The resultingalgebraicequationsweresolved with theSchurcomplementto decoupletheflux
equationsfrom thepressureequations,followedby avariantof theiterative schemeof [11].

Theshapefunctionsfor 3-D hexahedralcellscanhaveaquadraticdependencewhenthesecondaryfluxes
arenonzero.This conditionoccurswhenever a cell hasnon-paralleloppositefaces;only regularmeshesor
irregularmesheswith a 2-D aspectwill retainstrictly linearshapefunctions.For uniform flow, theseshape
functionscangive exactvelocity resultsif thehexahedralcell hasplanarprimary(exterior) andsecondary
faces.Meshconstructioncanusuallyproduceplanarprimaryfaces,but planarsecondaryfacescanbemore
problematic,andthedistortionon thesecondaryfacescanbe rathersevere.In particular, secondaryfaces
canbenon-planarevenwhenall exterior facesareplanar. Planarsecondaryfacescanbeforcedby insisting
thateachcell haveat leastonepairof paralleloppositefaces;however, thesesecondaryfacesmaybetwisted
aswell asplanar.

8. UNIFORM FLOW TESTS

Uniform flow shouldbeapproximatedaccuratelyin any numericalsimulationof flow throughporousmedia,
andCVMFE usuallydoesso.However, accuracy canbelost in certaincasesof irregularcells,particularlyif
eithertheprimaryor secondarycell facesarenon-planar. Considernon-planarprimary, exterior faces.Two
of thethreecovariantvectorsaretangentto every exterior face,andthevelocity shapefunctionsdependon
thesevectors,sothatapproximatevelocitiesnearnon-planarfacesshouldbecurvedalongwith thesefaces,
deviating from a uniform flow field. The“tent with curvedroof” in Section5 is anexample.For secondary
faces,thereasoningis lessclearbut likely similar.

Theerrorbetweensimulationsandexact,uniformflow is measuredwith theL2 norm

L2 � O ∑
i

Q
�
i l 
 f̃i � fi � � Ai m 2 ∑

i

Q
�
i U 1- 2 � (59)

where,for all facesFi � Ω, f̃i and fi aretheestimatedandtruefluxes,Ai is thearea,andQ
�
i is thecontrol

volumestraddlingFi. Thenumeratorof (59) is adiscretevolumeintegral of thesquareof thevelocityerror,
andthedenominatornormalizestheerrorto beindependentof thedomainvolume.In thetestproblemswith
a dominantlinear flow direction,the meanvelocity will be 1; in the next section,for a non-uniformflow
testwith corner-to-cornerflow, it will beof order1. Thus,thereportedL2 normscanberegardedasrelative
errorsandcanbecomparedfrom onetestto another.

Threedifferentcoarsemesheswereusedin the uniform flow tests:in tests1 and2, cells werequasi-
randomwith planarprimaryfaces,while theverticesof test3 wererandomandall interiorprimarycell faces
werenon-planar. ThedomainΩ wasaregularcubein all caseswith 4 � 4 � 4coarsemesh.Eachdiscretization
wasrefinedsmoothlythroughthreelevels.At eachlevel, eachcell wasdividedinto eightsubcells,halvingit
in thereferencecubein eachdirection.Thisyieldedrefinedmeshesof 8 � 8 � 8,16 � 16 � 16and32 � 32 � 32.

In test1, irregular cells with planar, quasi-randomfacesweregenerated,startingwith randomvertices
on threeadjoiningexterior facesof Ω. Theseverticeswerecreatedfrom a regular meshon eachfaceby
multiplying eachregularvertex locationby a randomnumbercloseto one.Startingat thecornerwherethe
threeexterior facesmeet,cellswerecreatedby connectingverticesof threeexistingcell facesto aninterior
vertex, requiringthatthenew cell facesforming thisconnectionbeplanar. This resultsin interior cellswith
planar, quasi-randomprimaryfaces.Thesecondaryfacesof cellsin thisgrid arerarely, if ever, planar. In test
2, therandomverticeson thethreeadjoiningexterior facesof Ω wererequiredto fall on parallelgrid lines
perpendicularto thex direction(Figure4). This affectsprimarily thex cell faces,which areall paralleland
follow thegrid linesperpendicularto thex direction.They andz cell facesremainquasi-randomafter the
inward projectionprocedure,but areconstrainedin sharingverticeswith thex faces.The chief difference
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Figure 4. Threeexterior facesof the test2 domainthat sharevertex (0,0,0).Fold up the left (yz) facealong the y-axis andthe
bottom(xz) facealongthex-axis.

betweenthe two typesof grids is that thesecondaryfacesof cells in the test2 grid arealwaysplanarbut
occasionallytwisted.The coarsemeshfor test3 wascreatedby randomlyperturbingthe vertex locations
of a regular, 4 � 4 � 4 grid; the verticeson ∂Ω wereperturbedonly within the planeforming the surface.
Noneof theinteriorcell faceswereplanar. Therandomperturbationwaslimited to amaximumof 5%of the
unperturbedcell dimension;thissmallamountof grid distortionmayeasilybeexpectedin flow simulations.

In test1, whereall x, y andz arequasi-random,theuniform flow q � 

1 � 0 � 0� wasimposedvia homo-

geneousK andappropriateflux boundaryconditions.It is thensimpleto calculatetheexact fluxesacross
the interior facesof the discretization.In test2, with quasi-randomy andz faces,similar flux conditions
wereimposedto obtainq � 


1 � 0 � 0� and(in a separatecalculation)q � 

0 � 1 � 0� . Thesetwo differentflux

conditionswereusedbecause,on theaverage,thetest2 meshis anisotropic.Theuniform flow in test3 was
diagonalacrossthemesh,from cell Q111 to cell Q444. Resultsfrom thenon-linearvelocity shapefunctions
(sf1, sf2) developedhereinarecomparedwith linear velocity shapefunctions(sf0); explicit forms for sf0
canbefoundin [4]. Heresf1andsf2referto secondary-fluxcorrectionfactorsβx2 � 1, βy2� 1, βz2� 1 andβx2 � 2,
βy2� 2, βz2 � 2, respectively, in



46� . TheL2 normresultsarein TableI.

For test1, the non-linearshapefunctions(sf1, sf2) aresuperiorto the linear ones(sf0) over theentire
rangeof meshrefinement(1 � –8 � ) by oneto two ordersof magnitude.Thus,thequadraticflux interpolation
(18)hasasubstantialimpactonthesecond-ordererrorin velocity interpolation,particularlyoncoarsegrids,
whichareimportantin practice.For thenon-linearshapefunctions,thereis little differencebetweenthetwo
correctionfactors,andresultsbecomeidenticalasthemeshis refined.For eithersf1 or sf2, theL2 norms
arenot large in any case;this probablyreflectsthe moderatedegreeof distortioncontainedin the mesh.
With thefirst andsubsequentrefinements,thecell facesbecomeslightly non-planar, addingsomeerror to
the solution.This may explain the slightly smallerreductionfactorsfor the first refinement.Subsequent
refinementsreducethe L2 norm by a factor of 3.3 to 3.7, as the effect of non-planaritydecreases.The
reductionfactorsfor sf0are5 to 5.5;asthesecondaryflux becomeslessimportantwith refinement,thecells
becomecloserto parallelepipeds,andsf0 L2 normscomecloserto thoseof sf1andsf2.

For test2, with parallel facesin the x directionandflow in the x direction(x fd), the L2 norm results
for thecoarsegrid (1 � ) aretwo ordersof magnitudegreaterfor sf0 thanfor sf1.However, afterthreemesh
refinements(8 � ), the ratio betweensf0 andsf1 is only a factorof three;the morerapid reductionof this
ratio here,relative to thetest1 case,probablyreflectsthestronglydiminishedimportanceof thesecondary
flux with meshrefinement.For x fd, thenon-linearshapefunctionssf1andsf2giveverydifferentresultson
thecoarsegrid (1 � ); sf2 reflectsanexactsolution.This doesnot occurfor sf1 becausetherandomgrid, in
this case,producesplanarx-directionsecondaryfaces,someof which aretwisted.While thesf2 correction
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TableI. L2 normresultsfor uniformflow tests.Test1: all cell facesrandomandplanar;flow in x direction.
Test2: cell facesy and z random;x facesparallel; all cell facesplanar. Test 3: all verticesrandom;all
internalfacesnon-planar;diagonalflow. sf0: linearshapefunction[4]. sf1: non-linearshapefunctionusing
first secondaryflux correctionfactorsβx2 s 1, etc.sf2: samewith βx2 s 2, etc.fd: flow direction.

�
: t 10s 10

test grid refinement,L2 norm

no case 1 ) 2 ) 4 ) 8 )
sf0 3 u 591 ) 10s 04 7 u 103 ) 10s 05 1 u 286 ) 10s 05 2 u 344 ) 10s 06

1 sf1 6 u 098 ) 10s 06 2 u 111 ) 10s 06 6 u 453 ) 10s 07 1 u 737 ) 10s 07

sf2 6 u 116 ) 10s 06 2 u 111 ) 10s 06 6 u 452 ) 10s 07 1 u 737 ) 10s 07

sf0,x fd 1 u 817 ) 10s 03 3 u 176 ) 10s 04 5 u 777 ) 10s 05 1 u 070 ) 10s 05

sf1,x fd 1 u 862 ) 10s 05 3 u 608 ) 10s 05 1 u 202 ) 10s 05 3 u 311 ) 10s 06

2
sf2,x fd exact

�
3 u 599 ) 10s 05 1 u 202 ) 10s 05 3 u 311 ) 10s 06

sf0,sf1,
sf2,y fd

exact
�

1 u 666 ) 10s 05 5 u 210 ) 10s 06 1 u 401 ) 10s 06

sf0 1 u 232 ) 10s 04 4 u 045 ) 10s 05 1 u 151 ) 10s 05 3 u 199 ) 10s 06

3 sf1 1 u 039 ) 10s 04 3 u 940 ) 10s 05 1 u 137 ) 10s 05 3 u 182 ) 10s 06

sf2 1 u 038 ) 10s 04 3 u 940 ) 10s 05 1 u 137 ) 10s 05 3 u 182 ) 10s 06

factorscancompensatecompletelyfor twistedplanarfaces,the sf1 correctionfactorscannot.Both non-
linear shapefunctionsproducenearly identicalL2 normswith the first refinement(2 � ) of the mesh,and
bothdegraderelative to the initial mesh(1 � ). This is likely dueto the introductionof non-planarprimary
facesin the 2 � refinedmesh.With refinement,the tendency for a planarsecondaryfaceto be twisted is
reduced,andthe L2 normsfor sf1 andsf2 becomeidentical.For both sf1 andsf2, the secondrefinement
(4 � ) producesa reductionin theL2 normof about3; with thethird (8 � ), it increasesto 3.6.Thereduction
factorfor sf0 is about5 for all refinements.

They flow directionresultsfor test2 areessentiallyidenticalfor all threeshapefunctions(sf0, sf1 and
sf2); this is becausethesecondaryfacesareorientedsuchthat they canbe influencedonly by flow in the
x direction,regardlessof refinement.To seethis, note that by (44), (56a),and(56b), W2x � Y2x



1� 2�v�

Z2x


1� 2� , with analogousexpressionsfor W2y andW2z; theX2 � X1 � X0 vectorsaredifferencesof vectors

that have thesamex-component,which is equalto the distancebetweenthe parallelplanesnormalto the
x-axis,hencetheX2 vectorslie in theseplanes.The Y2 andZ2 vectorsalsolie in theseplanes;hence,all
crossproductsin theW2 vectorsareparallelto thex-axis.Thus,thefluxes fx2 for thesecondaryfacesare
null for for eithersf1 or sf2; assf0 doesnot includetheeffectsof a secondaryflux term,all threeresults
areidentical.For all three,thesolutiondegradeswith thefirst refinement(2 � ), andsubsequentrefinements
improve the L2 norm by a factorof 3.3 to 3.7. The initial degradationin the L2 norm is likely causedby
non-planarprimarycell facesin therefinedmesh.

Test3 examinedtheeffectof non-planarfaces,in a realisticscenarioof meshdistortion,on theL2 norm;
anexactsolutionis notexpectedunderthesecircumstances.The2-D mesh-facedistortioncanbemeasured
by thesineof theanglebetweenpoleslocatedat oppositeverticesof a face;theaveragesineof thelargest
anglebetweenpoleswas0.03 for the initial mesh(1 � ). TableI indicatesthat the flow field is fairly well
resolved for the initial mesh,regardlessof theshapefunctionused;sf1 andsf2 areonly marginally better
than sf0. Comparedto test 1, it is apparentthat even the small amountof facial distortion in this mesh
degradesthe solution,maskingmost of the corrective effect of the quadraticterm in sf1 and sf2. With
refinement(8 � ), the averagesineof the largestangleon the non-planarsurfacesdecreasedto 0.003;the

final_report.tex; 6/11/2001; 9:04; p.15



16

TableII. L2 normresultsfor non-uniformflow tests.Test1: homogeneousmedium;corner-to-cornerflow. Test1e:
repeatof L2 normcalculationfor test1 with exclusionzonearoundflux boundaryconditions.Test2: heterogeneous
medium.reg: orthogonal,regularmesh.sf1:shapefunctionusingfirst secondaryflux correctionfactorin conjunction
with thequasi-randommesh.sf2: shapefunctionusingsecondsecondaryflux correctionfactorin conjunctionwith
thequasi-randommesh.

test grid refinement,L2 norm

no case 1 ) 2 ) 4 )
reg 1 u 504 ) 10s 3 6 u 593 ) 10s 4 3 u 436 ) 10s 4

1
sf1,sf2 1 u 658 ) 10s 3 7 u 117 ) 10s 4 3 u 704 ) 10s 4

reg 1 u 109 ) 10s 3 2 u 407 ) 10s 4 4 u 638 ) 10s 5

1e
sf1,sf2 1 u 114 ) 10s 3 2 u 478 ) 10s 4 4 u 766 ) 10s 5

reg 2 u 371 ) 10s 2 1 u 424 ) 10s 2 6 u 922 ) 10s 3

2
sf1,sf2 2 u 489 ) 10s 2 1 u 473 ) 10s 2 7 u 086 ) 10s 3

decreasewasuniform andfirst-order. Concomitantwith this decrease,thereductionfactorfor theL2 norm
increasedfrom 2.6to 3.6.As expected,differencesbetweenresultsfrom sf0,sf1andsf2dissipateastherole
of thesecondaryflux dissipateswith grid refinement.

9. NON-UNIFORM FLOW TESTS

In this section,second-orderbehavior of theflux truncationerror


22� is examined,aswell asnon-uniform

flow in heterogeneousmedia.For all tests,a regular anda quasi-randomdiscretizationwereused;for the
quasi-randomdiscretization,all x, y andzcell faceswererandomizedwith thetest1 proceduredescribedin
theprevious section.Initial grids,beforerefinement,were5 � 5 � 5; thedomainΩ wasa regularcube.For
thequasi-randommeshes,non-linearshapefunctionswith bothtypesof correctionfactors,sf1andsf2,were
tested.

In test 1, with homogeneousK , non-uniformcorner-to-cornerflow was obtainedby injecting a unit
flux on the threeexterior facesof cell



1 � 1 � 1� andextractinga unit flux from thoseof cell



5 � 5 � 5� . With

refinementof the mesh,the flux boundaryconditionsweremaintained,preservingthe original facial area
of theappliedfluxes.In test2, aheterogeneoushydraulicconductivity field wasgeneratedfor acentralpart
of the5 � 5 � 5 cell mesh,occupying 3 � 5 � 5 cellsof themesh.With a meanvalueof about100,K ranged
over threeordersof magnitude(althougha rangeof two orderswasmostcommon).The 1 � 5 � 5 groups
of cellsat eachendof theheterogeneouszonewereassigneda uniform K of 100; uniform flux boundary
conditionswereappliedover theexterior facesof thesecells to createa meanflow in thex-direction.Grid
refinementpreserved the structureof K . In thesesimulations,the finest(40 � 40 � 40) discretizationwas
assumedto representthe“true” solution;L2 norms,asdefinedin



59� , wereobtainedby comparingcoarser

discretizationswith thefinest.Intermediatediscretizationswere10 � 10 � 10and20 � 20 � 20.TheL2 norm
resultsfor thesesimulationsaresummarizedin TableII.

Notethat theerrorsaregenerallygreaterthanthoseof TableI; this likely reflectsthenon-uniformityof
theflow ratherthanshape-functionissues.ThatTableII shows thesameresultsfor sf1andsf2 indicatesthat
any differencebetweenthemis overshadowedby theerrorsdueto non-uniformflow. It is encouragingthat
the irregular-meshL2 normsareaboutthesameasfor the regularmesh,especiallyfor theunrefinedcase,
thoughit is not clearwhichaspectsof thetreatmentof meshdistortionareresponsiblefor this.
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For non-uniformflow in a homogeneousmedium(test1), the L2 norm decreaseswith eachmeshre-
finementby a factor of about two, indicating first-orderconvergence.Though



22� is second-order, [1]

demonstratesthatconvergencewill bedegradedif therearesingularitiesin theexactsolution.Flux boundary
conditionsonpartsof thefacesof ∂Ω causesingularitiesat thepointswherethenonzerofluxesmeetno-flow
conditions.In test1e, the L2 norm estimate



59� wasmodifiedto excludeerrorsfrom a zonesurrounding

eachof theflux boundaryconditions;thentheL2 normdecreaseswith meshrefinementby factorsvarying
from 4 � 5 to 5 � 2, in line with thesecond-orderconvergenceexpectedfrom



22� . For theheterogeneouscase

(test2), theL2 normresultsproduceratesof improvementwhichvary from 1 � 7 to 2 � 5 with meshrefinement,
suggestingfirst-orderconvergence.For a heterogeneousproblemwith many internaldiscontinuitiesin K ,
this is expected,asthesediscontinuitiescanresultin singularitiesin theexactsolution[1].

10. CONCLUDING REMARKS

The most generalconclusionof this investigationis that, for distortedlogically rectangularmeshes,the
lowest-ordervelocity shapefunctionsshouldnot vary linearly with space,in termsof eitherthevelocity or
theflux. This resultsfrom astudyof flux conservation in ageneral,hexahedralcell, wherea quadraticterm
is neededin orderto matchtheflux of uniform flow; this is demonstratedwith



18� , andthesecond-order

estimateof theerrorof quadraticflux interpolationis givenby (22). In particular, the linearly varyingflux
of thePiolatransformationcannotmatchuniform flow on generalhexahedralcells.

This quadraticterm, however, leadsto an additionalunknown secondaryflux, fx2, which mustbe in-
dependentlyestimated.The methodin



51� – 


52� for this estimateis exact for uniform flow; in general,it
is at leastconcordantwith the second-orderflux approximation



18� , asdemonstratedin AppendixD. In

addition,wehave foundthatweightingsfor (42)suchas


41� and



43� , whichadjustthevelocitymagnitude

by comparinga differentialelementin theinterior with a differentialelementon thecell face,work well to
interpolatethevelocitymagnitudeto theinterior.

Mesheswith non-planarprimary andsecondarycell faceswill lead to somedegradationin accuracy.
Uniform flow testssuggestthat, as long as this type of cell distortion is kept minimal, overall accuracy
is not greatly affected. In particular, the L2 flux error for a meshcontainingrathersmoothnon-planar
secondaryfaceswasnot excessive. Indeed,if at leasttwo facesof every cell canbe madeparallel, then
shapefunctionswhich compensatefor twistedplanarfacescanapparentlyeliminatethis error. Thecostis
the lossof generalityin instituting an irregular grid. Second-orderconvergencewasstronglyindicatedby
thereductionfactorsfor theL2 normsfor all theuniform flow tests.

In regionsawayfrom pointsof discontinuity, thenon-uniformflow simulationsin ahomogeneousmedi-
um alsoshow second-orderconvergence.First-orderconvergenceis seenin non-uniformflow simulations
in heterogeneousmedia.Overallconvergenceof mostpracticalsimulations,whichwill havesingularitiesor
pointsof discontinuity, shouldbefirst-order.

Theresultsreportedheredo not includenon-smooth“random” refinements,in whichangulardeviations
do not decrease(seediscussionafter(23)).Preliminarycomputationsshow theexpectedfirst-orderconver-
gencein many cases,andlessin someothers,possiblydueto severedistortionscausedby theconstrained
procedurethatgeneratedthe refinedmeshes.More thoroughinvestigationsof randomrefinementswill be
reportedin thefuture.

11. APPENDIX A

A form, explicit in x̂, for thelogicalx directioncrossproductY � Z, is derived;thelogicaly andzdirection
crossproductsaresimilar. From



4� anddefinitionsof thecovariantvectors,

Y � 

1 � x̂� Y0x � x̂Y1x � Z � 


1 � x̂� Z0x � x̂Z1x � (60)
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whereY0x � Y ! x̂> 0, Z0x � Z ! x̂ > 0, Y1x � Y ! x̂> 1 andZ1x � Z ! x̂ > 1. Manipulationof thecrossproductgivesthe
desiredresult:

Y � Z � 

1 � x̂� 2 
 Y0x � Z0x � � x̂2 
 Y1x � Z1x � � x̂



1 � x̂�k\ Y1x � Z0x � Y0x � Z1x ]� 


1 � x̂� 
 Y0x � Z0x � � x̂


Y1x � Z1x ��� x̂



1 � x̂�k\ 
 Y0x � Y1x �#� 


Z0x � Z1x � ] � (61)

12. APPENDIX B

By (18)and(19) (scaledto aninterval of length∆x, with x� ∆x in theroleof x̂), alongwith (21),

fx


x��� Qfx



x�#�w. ∆x

0
G



x � ξ � f E Ex 


ξ � dξ � x
∆x

B 1 � x
∆x

C f2x J ∆x
2

L � (62)

As theareaboundedby thegraphof G


x � �%� is a triangleof base∆x and(negative) heightx



x� ∆x � 1� ,. ∆x

0
G



x � ξ � dξ � 1

2
x∆x B x

∆x
� 1C �x� 1

2
∆x2 x

∆x
B 1 � x

∆x
C � (63)

Combining(62)with (63),weobtain

fx


x��� Qfx



x�#� . ∆x

0
G



x � ξ � P f E Ex 


ξ ��� 2
∆x2 f2x J ∆x

2
LyS dξ � (64)

Weevaluatethebracketedtermin (64),differentiatingfx twice,wheretheappropriateanalogueof (16) is

fx


x�f� B 1 � x

∆x
C f0x



x� � x

∆x
f1x



x��� x

∆x
B 1 � x

∆x
C f2x



x��� (65)

This gives

f E Ex 

ξ ��� 2

∆x2 f2x J ∆x
2

L �z� 2
∆x

f E0x


ξ � � J 1 � ξ

∆x
L f E E0x



ξ � � 2

∆x2 P f2x


ξ ��� f2x J ∆x

2
L{S� 4

∆x
J ξ

∆x
� 1

2
L f E2x



ξ ��� ξ

∆x
J 1 � ξ

∆x
L f E E2x



ξ � � 2

∆x
f E1x



ξ � � ξ

∆x
f E E1x



ξ ��� (66)

Theexpressionsin (17a)–(17c)andsomerearrangementthenyield (22).

13. APPENDIX C

To verify thefirst relationin (26),definethesubelementQxc of Q, consistingof pointsr


x̂ � ŷ � ẑ� for 0 A x̂ A c,

0 A ŷ A 1, 0 A ẑ A 1, andthelinearmappingL xc


x̂ � ŷ � ẑ�i� 


cx̂ � ŷ � ẑ� . Thenr | L xc mapsQ̂ to Qxc, r | L xc is
trilinear, andFxc is on theboundary(i.e., is a primaryface)of Qxc. Taking v̂xc



x̂ � ŷ � ẑ�i� 


cx̂ � 0 � 0� on Q̂, we
applythePiolatransformation(24) to r | L xc andr andobtain

vxc


r | L xc



r̂ � �<� 


J


r | L xc � � 
 r̂ � � 1D



r | L xc � 
 r̂ � v̂xc



r̂ �=� 


J


r | L xc � � 
 r̂ � � 1 D



r | L xc � 
 r̂ � 
 cx̂ � 0 � 0� T�}\ 
 J 


r � � 
 L xc


r̂ � � c] � 1 Dr



L xc



r̂ � � 
 c2x̂ � 0 � 0� T � 


J


r � � 
 Lxc



r̂ � � � 1 Dr



L xc



r̂ � � 
 cx̂ � 0 � 0� T� 


J


r � � 
 Lxc



r̂ � � � 1 Dr



L xc



r̂ � � v̂ 


L xc


r̂ � ��� v



r


L xc



r̂ � � �#� v



r | L xc



r̂ � ��� (67)

Thus,thetransformedvector-valuedfunctionsvxc andv take thesamevalueson Qxc, andhenceon Fxc. Let
s denotethevariableon Fxc, σ̂ on F̂x1, andŝ on F̂xc, with s � r



ŝ� , ŝ � L xc



σ̂ � , s � r | L xc



σ̂ � . Now, because
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Fxc is on theboundaryof Qc, we canuse(67), (25), v̂xc � n̂ � c on F̂x1, andthefactthatthesurfaceJacobian
of L xc is 1 on F̂x1 to obtain.

Fxc

v � n 

s� z



s� ds � .

Fxc

vxc � n 

s� z



s� ds � .

F̂x1

v̂xc � n̂ 

σ̂ � z



r | L xc



σ̂ � � dσ̂� .

F̂x1

cz


r | L xc



σ̂ � � dσ̂ � .

F̂xc

cz


r


ŝ� � dŝ� (68)

asdesired.
For thesecondrelationin (26),similarly takeQyc to bethoser



x̂ � ŷ � ẑ� for 0 A x̂ A 1,0 A ŷ A c, 0 A ẑ A 1,

L yc


x̂ � ŷ � ẑ��� 


x̂ � cŷ � ẑ� , andv̂yc


x̂ � ŷ � ẑ�=� 


x̂ � 0 � 0� on Q̂. Then

cvyc


r | L yc



r̂ � �<� 


J


r | L yc � � 
 r̂ � � 1cD



r | L yc � 
 r̂ � v̂yc



r̂ �=� 


J


r | L yc � � 
 r̂ � � 1 cD



r | L yc � 
 r̂ � 
 x̂ � 0 � 0� T�}\ 
 J 


r � � 
 L yc


r̂ � � c] � 1 cDr



L yc



r̂ � � 
 x̂ � 0 � 0� T � 


J


r � � 
 Lyc



r̂ � � � 1Dr



L yc



r̂ � � 
 x̂ � 0 � 0� T� 


J


r � � 
 Lyc



r̂ � � � 1Dr



L yc



r̂ � � v̂ 


L yc


r̂ � �=� v



r


L yc



r̂ � � ��� v



r | L yc



r̂ � ��� (69)

An argumentlike (68) thenyieldsthesecondrelationin (26).

14. APPENDIX D

We show herethat the secondaryflux approximation(51), which completesthe definition of our velocity
shapefunctions,doesnot affect theorderof accuracy of quadraticflux interpolation.From(17c),(18),and
(46), theexactsecondaryflux to beapproximatedby f̃x2 is

fx2 � f2x


1� 2�#�/. 1

0
. 1

0
q


1� 2 � ŷ � ẑ��� 
 Y2x



ẑ��� Z2x



ŷ� � dŷdẑ� (70)

As shown in (64),scaledto x̂-dimension∆x, thecontributionof fx2 to theerror


fx � Qfx � 
 x� in thequadratic

flux interpolationin (22) is

L fx


x��� Qfx



x��� . ∆x

0
G



x � ξ � P � 2

∆x2 fx2 S dξ � (71)

In (71), integrationproducesa factorof ∆x andG


x � ξ �v�~X 


∆x� ; thesefactorsarecanceledby � 2� ∆x2.
Thus,to preserve thesecond-orderaccuracy of (22),we seek

f̃x2 � fx2 ��X 

∆x2 ��� (72)

If (72)holds,thentheinterpolatedfluxesQfx associatedwith thevelocityapproximationVc of q in (46)–(50)
will maintainsecond-orderaccuracy.

From(51), (52),and(70),we seethat

f̃x2 � fx2 � . 1

0
. 1

0 � 18 1

∑
i * j * k> 0

Vc


i∆x � j � k ��� q J ∆x

2
� ŷ � ẑL{��� 
 Y2x � Z2x � dŷdẑ� (73)

Assumingasmoothrefinementasin thediscussionfollowing (23),Y2x andZ2x are X 

∆x� , henceY2x � Z2x =X 


∆x2 � . Thesumin (73) involvesdiscretizationin all threedirections,sothatwe mustconsiderrefinement
in ŷ and ẑ aswell as x̂. We seekthe error on the x̂-face,which is refinedin referencespaceinto 1� ∆y∆z
subfacesof ŷ-dimension∆y andẑ-dimension∆z. By keepingthesamerelationshipbetweenreferenceand
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coarse-cellcoordinates,independentof refinement,we keepthe sameX, Y, andZ vectorsandthe same
JacobianJ (otherwise,wewouldhave to rescale).Thus,on onesuchsubface,weseek

f̃x2r � fx2r � . ∆z

0
. ∆y

0 � 18 1

∑
i * j * k > 0

Vc


i∆x � j∆y� k∆z��� q J ∆x

2
� ŷ � ẑL � � 
 Y2x � Z2x � dŷdẑ��X 


∆x2∆y∆z��� (74)

sothatthesumof theerrorson thesubfaceswill remain X 

∆x2 � . Theestimatethatweprove below is

f̃x2r � fx2r ��X 
 

∆x2 � ∆y2 � ∆z2 � ∆x2∆y∆z��� (75)

which is a muchstrongerresult,showing that the error of the secondaryflux approximationis negligible
comparedto thatof quadraticflux interpolation.

Split (74) into two termsT1 andT2, replacingVc with q in T1. Apply themidpoint integrationrule in ŷ
andẑ in T1 to obtain

T1 � . ∆z

0
. ∆y

0 � 18 1

∑
i * j * k> 0

q


i∆x � j∆y� k∆z��� q J ∆x

2
� ŷ � ẑL � 


Y2x � Z2x � dŷdẑ� � 18 1

∑
i * j * k > 0

q


i∆x � j∆y� k∆z��� q J ∆x

2
� ∆y

2
� ∆z

2
L{� � J Y2x J 1

2
L � Z2x J 1

2
LRL ∆y∆z� X 
 


∆y2 � ∆z2 � ∆x2∆y∆z����X 
 

∆x2 � ∆y2 � ∆z2 � ∆x2∆y∆z��� (76)

wherethelastequalityestimatesthedifferencebetweenthesumandthemidpointvalueof q.
For theremainingtermof (74),we have

T2 � . ∆z

0
. ∆y

0 � 18 1

∑
i * j * k > 0



Vc � q � 
 i∆x � j∆y� k∆z�T��� 
 Y2x � Z2x � dŷdẑ� 


E0x � E1x � E0y � E1y � E0z � E1z�G� 2 � (77)

wheretheE termsareassociatedwith thecell faces;for example,

E0x �w. ∆z

0
. ∆y

0 � 14 1

∑
j * k > 0



VX � qX � 
 0 � j∆y� k∆z� � � 
 Y2x � Z2x � dŷdẑ� (78)

In (78),qX andVX aremultiplesof X, asin (32)and(50).By construction,with property(UE2)and(46),

VX � X
J

βx0 fx0 � X
J

! Y � Z !
Ax



0� fx0

is definedsuchthatthenormalcomponent

VX � nx̂ � 1
J

X � 
 Y � Z �! Y � Z ! ! Y � Z !
Ax



0� fx0 � fx0

Ax


0� (79)

is constanton theface.By (79),VX satisfies

1
4

1

∑
j * k> 0



VX � nx̂ � 
 0 � j∆y� k∆z�#� fx0

Ax


0� � (80)
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Now by (14)andthemidpointintegrationrule,

fx0 � . ∆z

0
. ∆y

0
qX � 
 Y � Z � dŷdẑ � 


qX � 
 Y � Z � � 
 0 � ∆y� 2 � ∆z� 2� ∆y∆z � X 

∆y∆z



∆y2 � ∆z2 � ���

Ax


0�<� . ∆z

0
. ∆y

0
! Y � Z ! dŷdẑ �"! Y � Z ! 
 0 � ∆y� 2 � ∆z� 2� ∆y∆z � X 


∆y∆z


∆y2 � ∆z2 � ���

fx0

Ax


0� � 


qX � 
 Y � Z � � 
 0 � ∆y� 2 � ∆z� 2�! Y � Z ! 
 0 � ∆y� 2 � ∆z� 2� � X 

∆y2 � ∆z2 �?� 


qX � nx̂ � 
 0 � ∆y� 2 � ∆z� 2� � X 

∆y2 � ∆z2 �� 1

4

1

∑
j * k > 0



qX � nx̂ � 
 0 � j∆y� k∆z� � X 


∆y2 � ∆z2 ��� (81)

By (80)and(81),
1
4

1

∑
j * k> 0


 

VX � qX ��� nx̂ � 
 0 � j∆y� k∆z�#��X 


∆y2 � ∆z2 ��� (82)

Now . ∆z

0
. ∆y

0



VX � qX ��� nx̂ ! Y � Z ! 
 0 � ŷ � ẑ� dŷdẑ � fx0 � fx0 � 0 �

hencefor some


ŷ0 � ẑ0 � we have

0 � 
 

VX � qX ��� nx̂ � 
 ŷ0 � ẑ0 �#� 
 ! VX � qX ! X! X ! � nx̂ � 
 ŷ0 � ẑ0 ���

whence


VX � qX � 
 ŷ0 � ẑ0 ��� 0, which impliesthat! VX � qX !$��X 


∆y � ∆z��� (83)

Becausenx̂


0 � j∆y� k∆z�#� nx̂



0 � ∆y� 2 � ∆z� 2� � X 


∆y � ∆z� , (82)and(83)give

1
4

1

∑
j * k> 0



VX � qX � 
 0 � j∆y� k∆z��� nx̂



0 � ∆y� 2 � ∆z� 2���X 


∆y2 � ∆z2 � � X 

∆y � ∆z��X 


∆y � ∆z�?�NX 

∆y2 � ∆z2 ���

from whichwe immediatelyobtain

1
4

1

∑
j * k > 0

! VX � qX ! 
 0 � j∆y� k∆z�i��X 

∆y2 � ∆z2 ��� (84)

Then(78)and(84)yield
E0x ��X 
 


∆y2 � ∆z2 � ∆x2∆y∆z���
andasimilar argumentfor theotherfive termsin (77) leadsto

T2 ��X 
 

∆x2 � ∆y2 � ∆z2 � ∆x2∆y∆z��� (85)

Finally, from (76)and(85),we obtain(75),whence

f̃x2 � fx2 ��X 
 

∆x2 � ∆y2 � ∆z2 � ∆x2 ��� (86)

asdesired.This is, in fact,a significantlystrongerresultthan(72), showing that theerror in thesecondary
flux approximationis negligible.
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If therefinementis notsmooth(“random” refinement),thenwe find that

f̃x2 � fx2 ��X 

∆x � ∆y � ∆z��� (87)

sothat thefirst-ordererror in thediscussionafter(23) is preserved.To seethis, tracethroughtheargument
above and observe what is lost. The factor ∆x2 is lost throughoutbecauseY2x � Z2x �QX 


1� insteadofX 

∆x2 � . One order is lost in every estimateinvolving the midpoint rule, becauseY � Z or nx̂ can have

derivativesof X 

∆y� 1 � ∆z� 1 � . Oneorderis lost in (84),because(83)still holds,but nx̂ mayvary by X 


1� .
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